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In the present work, we develop a method to calculate the anomalous velocity of a spinning electron. From
Dirac equation, the relationships among the expectation values of the Pryce’s mass-center operator, the position
operator, the spin operator and the canonical momentum operator are investigated. By requiring that the center
of mass for the classical spinning electron is related to the expectation value of the Pryce’s mass-center operator,
one can obtain a classical expression for the position of the electron. With the classical equations of motion, the
anomalous velocity of a spinning electron can be easily calculated. It is shown that two factors contribute to the
anomalous velocity: one is dependent on the selection of the Pryce’s mass-center operators and the other is a
type-independent velocity expressed by the rotational velocity and the Lorentz force.
PACS numbers: 03.65.Ca, 03.30.+p
I. INTRODUCTION
The equations of motion for Bloch electrons in electro-
magnetic fields were constructed by Bloch, Peierls, Jones and
Zener around 1930 [1–3], and have played a fundamental role
in the physics of metals and semiconductors. In the tight-band
model, Peierls [4] showed that the effective Hamiltonian in
the presence of a magnetic field can be obtained by using the
gauge invariant momentum operator in the unperturbed band
energy, instead of the crystal momentum. Later, a more rig-
orous derivation of the effective Hamiltonian was given by
Slater [5] and Luttinger [6], and was extended to many-body
operator formalism by Adams [7]. A correction term to the
velocity, known as the anomalous velocity, was introduced by
Karplus, Luttinger, and Kohn [8]. Chang and Niu [9] con-
nected the anomalous velocity correction to the Berry phase
with the electron motion in an energy band. The semiclas-
sical theory of one-band in the wave-packet formulation was
constructed in Ref. [10], and the multi-band wave packet for-
mulation was also developed in Ref. [11, 12]. For the details
of this topic, see Ref. [13] and references therein.
Besides the known methods to construct the nonrelativis-
tic quantum Hamiltonian, Chang and Niu proposed a differ-
ent way to derive the effective Hamiltonian. With the gauge-
invariant semiclassical theory, the effective Hamiltonian can
be quantized using the generalized Peierls substitution [14].
To get a better grasp of the theoretical formulation, the authors
have taken the relativistic particle as an illustrative example.
For a Dirac wave packet constructed from free-particle states
with positive energy, it has been shown that in the presence of
the electromagnetic field, the mass center of the wave packet
has a non-vanishing anomalous velocity.
Recently, in a semiclassical kinetic theory where Dirac
fermion is studied within the matrix differential form method,
Dayi and Kilincarslan [15] showed that the kinematic Thomas
precession correction should be taken into account. The
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Thomas precession contributes to the one-form obtained by
the semiclassical wave packet on an equal footing with the
Berry gauge field, and it yields the cancellation of the anoma-
lous velocity terms when ignoring the higher terms in mo-
mentum. The relation between spin and the Berry-phase con-
tribution to the anomalous velocity of massive and massless
Dirac particle has also be considered by Stone, Dwivedi, and
Zhou [16], where they introduced a covariant Berry connec-
tion and investigated how it enters the classical relativistic dy-
namics of spinning particles. For the massive Dirac particle
with g = 2, they concluded that the anomalous velocity cor-
rection does not exist.
A quantum description of spin is based on the Dirac equa-
tion, while the most popular classical equations of the spin-
ning electron were formulated by Frenkel [17] and Bargmann,
Michel and Telegdi (BMT) [18]. In the work by Fradkin and
Good [19], it was shown how the electron’s classical equation
of motion, the Lorentz force equation and the BMT-equation,
are related to the Dirac equation. As we show in the follow-
ing, the Fradkin-Good-protocol (FG-protocol) involves both
the definition of the spin operators for Dirac wave packet and
the derivation of the relations among the expectation values
of different operators, and by introducing a set of substitution
rules, the known classical equations are recovered.
In the present work, we suggest that the anomalous velocity
can be studied in a different protocol. Our basic assumption is
that the mass center of a classical spinning electron should be
associated with the expectation value of a mass-center opera-
tor for the Dirac wave packet. Unfortunately, contrary to the
non-relativistic cases, where the mass center can be easily de-
fined, it is a highly nontrivial task to define the mass center of
many-particles system in relativity. Therefore, Pryce [20] pro-
posed three possible mass-center position operators labeled by
(c),(d) and (e) and relevant spin operators can be constructed.
In 1949, Newton and Wigner [21] found the Pryce’s e-type
operator in the investigation of localized states for elementary
systems, and they also showed that Pryce’s e-type operator is
the only position operator with commuting components in the
Dirac theory which has localized eigenfunctions in the mani-
fold of positive energy wave functions. Later on, the Newton-
Wigner position operator, or the Pryce’s e-type mass-center
2operator, is called the mean-position operator by Foldy and
Wouthuysen [22], and it is showed that when the particle inter-
acts with an external field, it is the mean-position operator that
is identified with the position operator in the non-relativistic
Pauli theory.
As an application of the FG-protocol, we derive a relation
among the expectation values of the mass-center operator, the
spin operator, the position operator and the canonical momen-
tum operator. With the substitution rule, one can obtain a clas-
sical expression for the mass center of a spinning electron.
From the known classical equations of motion, it is shown
that the contributions to the anomalous velocity of the elec-
tron comes from two aspects: a type-dependent factor and a
type-independent velocity expressed by the rotational velocity
and the Lorentz force.
The content of present work is organized as follows. In
Sec. II, a brief review of the FG-protocol is introduced. In
Sec. III, a relation among the expectation values of different
operators are derived for the Pryce’s mass-center operators.
In Sec. IV, with the introduced substitution rule, we obtain a
model for the mass ceter of a spinning electron. In Sec. V, ap-
plying the classic equations of motion, we derive the anoma-
lous velocity of the electron. Finally, we end our work with a
short discussion in Sec. VI.
II. THE FRADKIN-GOOD PROTOCOL
For a point-like particle, its world line is denoted by (t,x).
In this paper, we set ~ = c = 1. The 4-momentum (E,p) for
a massive particle is
E = γ¯m, p = γ¯mv,
where γ¯ = 1/
√
(1− v2) is the dilation factor, and v =
dx/dt. The Dirac matrices γµ (µ = 1, 2, 3, 4) are defined
by
γµγν + γνγµ = δµν ,
and the auxiliary matrices γ5, β, αi, σi (i = 1, 2, 3) can be
introduced as
γ5 = γ1γ2γ3γ4, β = γ4,
αi = iβγi, σi = iγ4γ5γi.
For convenience, a specific representation is chosen as
α =
(
0 σ
σ 0
)
, β =
(
1 0
0 −1
)
, γ5 =
(
0 −1
−1 0
)
,
with the 2× 2 Pauli matrices σ,
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
.
[In this paper, σ may be a 4 × 4 or a 2 × 2 matrix, which is
determinated according to the actual cases].
The free Dirac equation for spin-1/2 particle is
i
∂Ψ
∂t
= HˆΨ,
with the Hamitonian Hˆ = α·pˆ+βm. In the classic work [22],
Foldy and Wouthuysen introduced a unitary transformation,
e±iSˆ =
E ± βα · p+m
[2E(E +m)]
1
2
,
where Sˆ is a Hermitian operator and E =
√
m2 + p2. It
is showed that the Newton-Wigner position operator XˆNW,
which is also known as the Pryce’s e-type operator or the
mean-position operator, is related to the position operator xˆ
in the transformed representation,
XˆNW = e
−iSˆxˆeiSˆ.
A similar result is obtained by Fradkin and Good [19], where
they attempted to give a consistent account of electron polar-
ization, and a 3-vector operatorO in the FW-representation is
defined
O = e−iSˆβσeiSˆ .
The operatorO has a deep relation with the operators Tµ (µ =
1, 2, 3, 4)
T = βσ − γ5pˆ, T4 = iσ · pˆ,
with pˆ = −i∇, and Tµ are the generators of the little
group: a subgroup of homogeneous Lorentz transformations
that leaves the 4-vector momentum of a plane-wave state un-
changed. [In the original work [19], the mass m is set to be
unit, and in the following, we recovere it to be a non-unit pa-
rameter.] Before one can show how these operators are re-
lated, we should first give a brief review of FG’s protocol to
get the relation among the expectation values of different op-
erators.
For a Hermitian operatorQ, its expectation value is defined
as
〈Q〉 =
∫
d3xΨ†QΨ,
where the integration extends overall space. In electrodynam-
ics, the field is described by the vector-potential (φ,A), andE
andB are the electric and magnetic filed, respectively. When
the electron is interacted with the electromagnetic field, the
3-momentum operator pˆ should be replaced by the canonical
momentum operator pˆi,
pˆ→ pˆi = pˆ− eA, (1)
with e the charge of the electron. Therefore, one can have
E =
√
pˆi2 +m2, T = βσ − γ5pˆi, T4 = iσ · pˆi,
and the free Hamilton operator Hˆ is generalized to
Hˆ = α · pˆi + βm+ eφ.
In the case where the wave function Ψ(x, t) is negligible
except in a small region, the following rules (a), (b) and (c)
are quite usefull in FG-protocol:
(a) The wave function is supposed to have a sharp spread in
momentum and energy value, and then,
pˆiµΨ(x, t) = 〈pˆiµ〉Ψ(x, t),
3where 〈pˆiµ〉 is the classical value varying along the orbit but
factorable out of the integration on the wave function. [Note
pˆi0 = −ipˆi4 =
√
〈pˆi〉2 +m2].
(b) eB/m and eE/m are negligible to unit, and then, the
expectation value of Hˆ − eφ is
〈Hˆ − eφ〉 = E(〈pˆi〉),
E(〈pˆi〉) = γ¯m,v =
〈pˆi〉
γ¯m
.
(c) For any Hermitian operatorQ,
〈[Q, Hˆ − eφ]+〉 = 2γ¯m〈Q〉,
with [A,B]+ = AB + BA, and this equation is useful to
determining the classical equations of motion.
In the following, the FG’s protocol is appllied to derive
the classical equation of the position operator xˆ. The oper-
ator equation, dxˆ/dt = i[Hˆ, xˆ] is useful, and with the results
[Hˆ, xˆ] = −iα and 〈α〉 = v, one can have
d〈xˆ〉
dt
= v.
Similarly, one can also obtain
d〈pˆi〉
dt
= e(E + v ×B). (2)
For the operators Tµ andO, employing the substitution rule
in Eq. (1), Fradkin and Good acquired a series of relations
〈T 〉 = 〈O〉+
γ¯2
γ¯ + 1
(v · 〈O〉)v, (3)
〈T4〉 = iγ¯v · 〈O〉, (4)
〈O〉 = 〈T 〉 −
γ¯
γ¯ + 1
(v · 〈T 〉)v, (5)
d〈O〉
dt
=
e
γ¯m
〈O〉 ×
[
B +
γ¯
γ¯ + 1
E × v
]
. (6)
III. PRYCE’S MASS-CENTER OPERATORS
According to the substitution rule in Eq. (1), the Pryce’s
mass-center operators take the forms [20]:
Xˆ
(d)
P = xˆ+
iβα
2m
−
iβ(α · pˆi)pˆi
2mE2
,
Xˆ
(e)
P = xˆ+
iβα
2E
+
pˆi × σ
2E(E +m)
−
iβ(α · pˆi)pˆi
2E2(E +m)
,
Xˆ
(c)
P = xˆ+
imβα
2E2
+
pˆi × σ
2E2
.
With the protocol introduced above, the expectation values of
the Pryce’s mass-center operators can be expressed in terms of
〈xˆ〉, 〈T 〉 and 〈pˆi〉. Some results in the following have already
been obtained by Fradkin and Good, and we would like to
give a simple proof for them. First, with the two equations
[iβα, Hˆ − eφ]+ = 2(βσ)× pˆi, 〈βσ〉 × 〈pˆi〉 = 〈T 〉× 〈pˆi〉 and
rule (c), one can come to
〈iβα〉 = (γ¯m)−1〈T 〉 × 〈pˆi〉, (7)
and this is the Eq. (17.11) in FG’s work [19]. In the same way,
with [σ, Hˆ − eφ]+ = 2mT , one can obtain
〈σ〉 = 〈T 〉/γ¯,
and this is the Eq. (17.8) in the original work [19]. According
to rule (a), 〈pˆi × σ〉 = 〈pˆi〉 × 〈σ〉, and therefore,
〈pˆi × σ〉 = 〈pˆi〉 × 〈T 〉/γ¯.
Finally, use Eq. (7), follow the argument in rule (a), and one
has
〈iβ(α · pˆi)pˆi〉 = 0.
Based on results above, it is convenient for us to define a
general mass-center operator,
Xˆ
(i)
P = xˆ+ f
(i)
1
iβα
2m
+ f
(i)
2
pˆi × σ
2m2
+ f
(i)
3
iβ(α · pˆi)pˆi
2m3
with i = d, e, c. The type-dependent factors f
(i)
j are known to
be
f
(d)
1 = 1, f
(d)
2 = 0, f
(d)
3 = −
1
γ¯2
,
f
(e)
1 =
1
γ¯
, f
(e)
2 =
1
γ¯(1 + γ¯)
, f
(e)
3 = −
1
γ¯2(γ¯ + 1)
,
f
(c)
1 =
1
γ¯2
, f
(c)
2 =
1
γ¯2
, f
(c)
3 = 0.
Together with the results above, one of the main result in
present work appears,
〈Xˆ
(i)
P 〉 = 〈xˆ〉+ f
(i)
P
〈T 〉 × 〈pˆi〉
2m2γ¯
,
where f
(i)
P are type-dependent factors defined by
f
(i)
P = f
(i)
1 − f
(i)
2 .
In a more explicit form, they should be
f
(d)
P = 1, f
(e)
P =
1
1 + γ¯
, f
(c)
P = 0. (8)
IV. CLASSIC EQUATIONS OF MOTION
Beside the Lorentz force equation for the electron [23]
dp
dt
= e[E + v ×B], (9)
the polarization of electron in the rest frame, denoted by a
3-vector s, is described by the BMT equation
ds
dt
= s× ω, (10)
where ω is the rotational velocity of the polarization s,
ω =
e
mγ¯
[
B +
γ¯
1 + γ¯
E × v
]
. (11)
4In an inertial frame where the particle’s velocity is v, a 4-
vector spin (S0,S) can be introduced
S0 = γ¯v · s, S = s+
γ¯2
γ¯ + 1
(s · v)v, (12)
and therefore,
s = S −
γ¯
γ¯ + 1
(v · S)v. (13)
Obviously, by the substitution rule, one can have
〈xˆ〉 = x, 〈T4〉 = iS0, 〈pˆi〉 = p, 〈T 〉 = S, 〈O〉 = s, (14)
the results from Eq. (2) to Eq. (6) are equivalent to the ones
from Eq. (9) to Eq. (13). In the present work, besides the
substitution rule in Eq. (14), it is required that the position
(mass center) of a classical spinning electron is determined
once one of the Pryce mass-center operators is selected, say
X
(i)
P = 〈Xˆ
(i)
P 〉. (15)
For convenience, one can introduce a type-independent 3-
vector, the so-called position shift δXP,
δXP =
1
2m
S × v, (16)
and Eq. (15) can be expressed into an explicit form,
X
(i)
P = x+ f
(i)
P (γ¯)δXP,
where the type-dependent factors f
(i)
P (γ¯) are given in Eq. (8).
V. ANOMALOUS VELOCITY
In this section, we suppose that the energy of the spinning
electron, E = γ¯m, is changing slowly enough with time. In
other words, it is required that
dv2
dt
= 0,
and obviously, there should be dγ¯/dt = 0. Since the type-
dependent factors f
(i)
P (γ¯) depend only on the dilation factor
γ¯, we may just focus on the position shift for simplicity, and a
type-independent anomalous velocity VP can be defined as
VP =
d
dt
δXP,
The velocity of the mass center X
(i)
P can be known if the
anomalous velocity VP has been determined, say
d
dt
X
(i)
P = v + f
(i)
P VP.
Take advantage of the following intermediate equations,
dS
dt
× v =
ds
dt
× v + (s · v)ωT,
S ×
dv
dt
= s×
dv
dt
− (s · v)ωT,
where ωT is the Thomas precession [24],
ωT =
γ¯2
γ¯ + 1
dv
dt
× v,
one can come to a more compact expression of the anomalous
velocity VP,
VP =
1
2m
d(s× v)
dt
. (17)
Based on the classic equations of motion and with the identity
equation a × (b × c) = (a · c)b − (a · b)c, the anomalous
velocity can be further expressed as
VP =
1
2m
[(s · v)ω − (ω · v)s+ s×
F
m
],
with F = mdv/dt the Lorentz force.
Following the results in Ref. [23], the evolution of the 3-
vector s can be also described by
ds
dt
=
1
γ¯
F ′ + ωT × s,
where
F ′ =
γ¯ge
2m
s×
[
B −
γ¯
1 + γ¯
(v ·B)v − v ×E
]
.
[In this paper, the g factor is g = 2]. Therefore, under the
condition that F ′ = 0,
VP =
1
2m
[
− (s · v)ωT + s×
F
m
]
, (18)
and it is clear that the anomalous velocity is related to both the
Thomas precession and the Lorentz force.
Furthermore, the anomalous velocity can be decomposed
into two terms:
VP = VP(E) + VP(B),
where
VP(E) =
e
2m2γ¯
[
s−
γ¯
1 + γ¯
(s · v)v
]
×E,
VP(B) =
e
2m2γ¯
[
(s ·B)v − (v ·B)s
]
.
can be derived from the definition in Eq. (17) and the classical
equations of motion.
In the low velocity limit, γ¯ ≈ 1, one can keep terms to the
first order of v, and
VP(E) =
e
2m2
s×E.
When the magnetic filed is absent,B = 0, the results yield
d
dt
X
(d)
P = v +
e
2m2
s×E,
d
dt
X
(e)
P = v +
e
4m2
s×E,
d
dt
X
(c)
P = v.
Obviously, the actual value of the anomalous velocity is de-
pendent on the choice of the Pryce’s mass-center operators.
5VI. REMARKS AND DISCUSSION
As we show in this work, the anomalous velocity of a spin-
ning electron is determined by the type-independent velocity
VP and the choice of the Pryce’s mass-center operators. In
the low velocity limit, the anomalous velocity for the Pryce’s
e-type operator is half of the one for the d-type operator, while
the anomalous velocity for the c-type mass-center operator is
always zero.
When one tries to construct a classical model for the mass
center of a relativistic spinning electron, he may encounter an
elementary problem in defining the mass-center operator for
the Dirac wave packet, and the same situation also happened
in other works. One example is in the construction of the La-
grangian for Frenkel electron [25]. Another example appears
in the work by Costa et.al. [26], where it is shown that the
mass center of a spinning particle is observer-dependent in
relativistic physics. For two different observers, with the rel-
ative velocity v between them, the mass center of a spinning
object has a shift
δx =
S⋆ × v
M
,
and this is similar to the shift in Eq. (16). Closely re-
lated results can also be found in the work by Gralla, Harte
and Wald [27] and in the textbook by Misner, Thorn, and
Wheeler [28].
In the work by Chang and Niu [13], with the non-relativistic
limit and B = 0, the velocity of a Dirac wave packet is esti-
mated to be
drc
dt
= v −
e
2m2
s×E,
and the absolute value of the anomalous velocity above equals
|VP(E)| derived in this work. We would like to empha-
size that the Berry’s curvature, which was previously intro-
duced by Chang and Niu [14], does not appear in our expres-
sion of the anomalous velocity. Moreover, from the work by
Mathur [29], one can know that Berry’s curvature has a deep
relationship with Thomas precession. As shown in Eq. (18),
it is obvious that the Thomas precession has a contribution to
the anomalous velocity. Thus, how the anomalous velocity is
related to Berry’s curvature could be discussed in the future
work.
Finally, attention may be paid to the definitions of the mass
center and rotational kinematics for relativistic N -body prob-
lem, which goes beyond the results given by Pryce. A more
detailed discussion about this topic can be found in the work
by Alba, Lusanna and Pauri [30]. The Pryce’s e-type operator
(the Newton-Wigner position operator or the mean-position
operator), plays a fundamental role in quantum mechanics,
and this is one of the most important reasons for us to focus
on the Pryce’s mass-center operators. It was emphasized by
Foldy and Wouthuysen that this operator corresponds to the
position of a particle in Pauli theory, and in our present work,
we emphasize that the mean-position operator predicts a non-
vanishing anomalous velocity. However, it is still an open
question that how Pryce’s mass-center operators are related to
the anomalous velocity of the Bloch electron .
Let us end our work with a short conclusion. Based on the
argument that the mass center of a classical spinning electron
should be associated with the expectation value of the Pryce’s
mass-center operator, within the scheme developed by Frad-
kin and Good, the anomalous velocity of the spinning electron
is shown to be determinated by the position shift and the se-
lection of the mass-center operators.
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